Gauge transformations of the non-Abelian two-form 

Amitabha Lahiri 

S. N. Base National Centre for Basic Sciences, 

Block JD, Sector III, Salt Lake, Calcutta 700 098, INDIA 

amitabhaQboson, hose. res. in 

A novel inhomogeneous gauge transformation law is proposed for a non-Abelian adjoint two-form in 
four dimensions. Rules for constructing actions invariant under this are given. The auxiliary vector 
field which appears in some of these models transforms like a second connection in the theory. 
Another local symmetry leaves the compensated three- form field strength invariant, but does not 
seem to be generated by any combination of local constraints. Both types of symmetries change 
the action by total divergences, suggesting that boundary degrees of freedom have to be taken into 
account for local quantization. 
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The non-Abelian two-form was first introduced in the 
literature in the context of nonlinear sigma models M 
via an interaction term of the form Tr e^'^'^^Bfj_,jFp\, with 
B a two-form potential living in the adjoint representa- 
tion of the gauge group, and F the field strength of the 
gauge field. An action made up of this term alone is a 
Schwarz-type topological field theory |g], a four dimen- 
sional generalization of the Chern-Simons action, with no 
perturbative degree of freedom. Since this action does 
not depend on the metric of the background space-time, 
it has been suggested that it could be thought of as a toy 
model for some features of quantum gravity |^ . 

It was known from the beginning M that this interac- 
tion could lead to a massive vector field in four dimen- 
sions if a suitable quadratic (kinetic) term for B could be 
found. This would generalize the corresponding mecha- 
nism for Abelian vector fields H, which does not have 
the Higgs particle in the spectrum. An action which 
maintains the symmetries of the interaction term, and 
reduces to the Abelian mechanism, was found sometime 
ago Q. Although it requires a non-propagating auxil- 
iary vector field which decouples in the Abelian limit, 
some algebraic methods of quantization of gauge theo- 
ries seem to be applicable |^,0, so it may be useful as 
a Higgs-free mass mechanism for vector fields. Another 
quadratic term involving the same auxiliary vector field 
was used recently for a first order formulation of Yang- 
Mills theory H. The non-Abelian two- form also makes 
its appearance in a loop space formulation of Yang-Mills 
theory M, as well as in the loop space formulation of 
gravity as a gauge theory [ fiO[ . 

Despite the wide applicability of two-form field theo- 
ries, the nature of the field remains obscure, or at best 
poorly understood. Geometrically it is natural to think 
of B as a gauge field for (open or closed) strings, since 
a two-form couples to a surface. This is a consistent 
picture for the Abelian two-form, but not for its non- 
Abelian counterpart, because of the difficulty in defin- 
ing 'surface ordered' exponentials, which appear when a 
two-form is coupled to the world surface of a string, in 
a reparametrization invariant fashion pA] . The algebraic 



counterpart of this result is that there is no simple non- 
Abelian generalization of the symmetries and constraints 
of dynamical two- form theories jl^l • In this Letter I dis- 
play some novel classical local symmetries of these theo- 
ries. Some of these symmetries, although dependent on 
arbitrary local parameters, cannot be implemented by 
local constraints. Existence of such symmetries needs 
a fundamentally new paradigm for quantization of field 
theories in general, and thus requires a review of estab- 
lished results for the two-form in particular. 

It will be convenient to use the notation of differential 
forms. The gauge connection one- form (gauge field) is 
defined in terms of its components as ^ = —igA'^t°'dx^ , 
where i" arc the generators of the gauge group satisfying 
[t°',t''] — if°-'"'t'^ and g is the gauge coupling constant. 
Any other coupling constant, which may be required in 
a given model, will be assumed to have been absorbed in 
the corresponding field. This will cause no problem since 
I am dealing with classical systems. The gauge group 
will be taken to be SU(N). The gauge-covariant exterior 
derivative of an adjoint p-form ^p will be written as 



dAip^d^p + AA^p + i-l)P+'^pAA, 



(1) 



where d stands for the usual exterior derivative. The field 
strength is F = dA+AAA, and satisfies Bianchi identity, 
dF + AAF — FAA = 0. Under a gauge transformation, 
the gauge field transforms as ^ — > ^' = UAW + (j>, where 
for later convenience I have defined (j) = —dUU^. Note 
that (j> is a. flat connection, dcj) + 4> A 4> — 0. 

All known theories of the non-Abelian two-form are 
built around the 'topological' coupling term / Tr BAF, so 
any discussion of symmetries must start with the invari- 
ance of this term, which will be called the action in what 
follows. Quite obviously the action is invariant under 
gauge transformations if B transforms homogeneously in 
the adjoint, B ^ B' = UBW. In addition, the action 
is invariant under a non-Abelian generalization of Kalb- 
Ramond gauge transformation p3| , 



B' = B + dAC, A'^A, 



(2) 



where ^ is a one-form which vanishes sufficiently rapidly 



at infinity. This will be referred to as vector gauge trans- 
formation, while a transformation with U will be called 
(SU(N), or usual) gauge transformation. The two trans- 
formations combine as 



A' ^UAU'' + (l), B' = UBU'' + dA'^' : 



(3) 



if ^ transforms homogeneously in the adjoint, ^' — U^W . 
All this is well known, any BRST analysis of the non- 
Abelian two-form uses these transformation rules. In this 
Letter I will display a new set of transformations. First 
of all, note that the action is invariant under Eq. (0) even 
if ^ transforms like a connection, but then vector gauge 
transformations do not form a group, since ^i -I- ^2 is not 
a connection if ^1 and ^2 are. Otherwise £, is (almost) 
arbitrary. This arbitrariness can be traded for choos- 
ing a connection in place of ^' in Eq. (^, by specifically 
choosing the flat connection — —dUU'^ , 

A' = UAU'i + (p , 

B' ^UBU^ + UAu^ ^(j) + (|)^UAu'^ + (|)^(f). (4) 

Since is completely determined by the SU(N) gauge 
transformation [/, this equation has absolutely nothing 
to do with the original vector gauge transformation — 
no arbitrary vector parameter appears in the transfor- 
mation rule. Instead I can now think of this equation as 
a modification of the SU(N) gauge transformation rule 
of B. This statement should be qualified, since there is 
a further complication — Eq. ph left the action invari- 
ant because ^ vanished at the boundary, while the gauge 
transformation matrix [/, and therefore the flat connec- 
tion 0, need satisfy no such condition. Consequently the 
action is invariant only up to a total divergence, 



TtB' ^F' = TtB AF + dTr (0 A UFU'<) , (5) 



where I have used cyclicity of trace, Bianchi identity, 
and the fact that (j) is flat. Variation by a total diver- 
gence under gauge transformations reinforces the picture 
of the four dimensional B A F model being a general- 
ization of three dimensional Chern-Simons theory. Note 
that Eq. (|j) is trivial in the Abelian limit, and is a sym- 
metry of the action only if i? is a two-form and A is a 
one-form, and therefore only in four dimensions. 

The appearance of the gauge connection A in the gauge 
transformation rule for B may seem a little odd at first 
sight, but remember that these are objects in a theory 
with local SU(N) symmetry. If the objects are dynami- 
cal, the theory must contain derivatives, and therefore a 
connection. This need not be the dynamical gauge field 
A, but may be a flat connection (gauge transform of the 
situation with no A), as is used in the naive generaliza- 
tion of the duality relation between a two-form and a 
scalar WM , or outside the horizon of black holes with a 
non- Abelian topological charge [|l5[. In such cases this 
symmetry is exact, since F = 0. (B A F also vanishes in 
these cases, but there are other terms in the theory.) 



Away from flat connections, the divergence term gives 
a surface integral which vanishes if either .F — > or 
— » sufficiently rapidly on the boundary. The first 
can happen if for example F represents a finite action 
configuration of Yang-Mills theory, while the second can 
happen only if [/ — > 1 on the boundary. When the sur- 
face integral does not vanish, the classical conserved cur- 
rent of local SU(N) symmetry for the pure B AF theory 
has a topologically conserved component proportional to 
*dF ^ t'^'^P^d^Fp^. This component of the conserved 
current is not gauge covariant in general, but in a con- 
figuration where F vanishes on the boundary (e.g. Eu- 
clidean finite action) this makes a vanishing contribution 
to the conserved charge. 

It is necessary to check that the 'new and improved' 
SU(N) gauge transformation rule for B obeys the group 
composition law. Indeed, if Ui and U2 are two SU(N) 
transformations applied successively, let 

Bi = UiBUl + UiAUl A 01 -H 01 A UiAUl + 0i A 0i (6) 

in obvious notation. Then Eq. (0) is recovered with U ~ 
U2U1 and = -dUW. 

The BRST transformations corresponding to Eq. (H), 
with indices and coupling constants restored, are 

sA^^^d^Lu^+gr'^Alu^, 



^-^r^^c^v. 



(7) 



This is nilpotent, s^ = 0. Comparison with the conven- 
tional BRST rules lq-@,^q| shows that the second term in 
sB°;^^, is like the vector gauge transformation with d^uj'^ 
playing the role of the vector parameter, but this is not 
the whole story, nor a true one, as I will discuss below. 
Now I make a small diversion. 

Even without vector gauge symmetry, various actions 
are invariant under the new and improved gauge trans- 
formation of the two-form. Note that 



dA' 



-0 A UAU^ + UdAU^ - UAU'' A + d0 , (8) 



so that B + dA transforms covariantly under Eq. (0), 
B' + dA' = U{B + dA) W. So an interaction term of the 
form Tr {B + dA) A F will be exactly invariant (and the 
conserved current for SU(N) gauge transformations will 
be gauge covariant). The extra term in the interaction is 
a total divergence, Tr dAAF = dTr (AAdA+^AAAAA). 
This is not the well known Chcrn-Simons term, the nu- 
merical factor on the second term is different. (For a 
Euclidean finite action configuration the integral of this 
term is still proportional to the Pontryagin index.) I 
can now construct several novel actions involving only 
A and B, with interesting physical implications, by de- 
manding invariance only under the gauge transformation 
of Eq. (^). The starting point is either Tri? A F, which 
is invariant up to a total divergence, or Tr {B + dA) A F, 



which is exactly invariant. To either of this a quadratic 
term, constructed out of {B + dA) , or the covariant field 
strength (d^i? — dF), can be added for an invariant ac- 
tion. Finally, note that while Tcitclboim's proof [Q has 
not been invalidated, the results here suggest that the 
object which couples to a string is {B + dA) or some- 
thing similar. The integral of this over the world surface 
will have a contribution from line integrals of A over ini- 
tial and final configurations, and for open strings over 
the world lines of end points. So it may be worthwhile 
to reinvestigate that proof for a better understanding of 
the geometrical nature of two- forms. Similar comments 
apply to other results about the quantum non-Abelian 
two-form. End of diversion. 

None of the actions mentioned in the above paragraph 
is invariant under vector gauge transformations. These 
need to be addressed separately. These transformations 
leave invariant the interaction term J Tr B A F (if the 
gauge parameter ^ vanishes sufficiently rapidly on the 
boundary), but cause problems for any term quadratic 
in B. Indeed a theorem ||lj] asserts that a kinetic term 
for the two-form, invariant under both types of gauge 
transformations, cannot be constructed unless additional 
fields are introduced to compensate for the vector gauge 
transformations. 

This was the route taken earlier in the non-Abelian 
generalization of the mass generation mechanism for vec- 
tor fields [g|, where an auxiliary one- form C was intro- 
duced, and a compensated field strength H was con- 
structed as iJ = d^B -F AC + C AF. With the vector 
gauge transformation law modified to include C, 



A' ^A, B' = B + dAC, C' = C + C, 



(9) 



this field strength remained invariant and its square could 
provide the kinetic term for B. This one- form was also 
introduced in the 'improved' first-order formulation of 
Yang-Mills theory Q, where instead of a kinetic term, 
a quadratic invariant Tr {B + d^iC)^ was added to the 
action. Just as for the mass generation mechanism, the 
auxiliary field helps retain the vector gauge symmetry. 

Now suppose the two-form is taken to transform under 
the non-Abelian gauge group as in Eq. (jj) , and symmetry 
under vector gauge transformations is required. Then the 
auxiliary field C must transform like a connection under 
usual gauge transformations. 



C' = UCU^ 



sC^, 



d^uj"" 



rabc/^b c 

91 Cf,^ 



(10) 



and the combination B — d^C* can be used for construc- 
tion of invariant actions, just as it has been in l§-|g], but 
now with the new rules for gauge transformations. This 
is the second result of this Letter. For vector gauge trans- 
formations, Eq. M) holds, with ^ transforming homoge- 
neously in the adjoint. The comment made after Eq. (0) 
should be obvious now. Since (j) does not transform ho- 
mogeneously under the gauge group, the new rules for 
gauge transformations cannot be a special case of vector 
gauge transformations, despite the formal similarity. Nor 



is it possible to take the vector parameter ^ to transform 
like a connection, because connections do not add, so the 
gauge transformation properties of C will be ill-defined. 
This also provides an additional reason why C = is not 
a 'good gauge choice' : (C + ^) transforms like a connec- 
tion, so even if it is made to vanish in one gauge, it will 
be non-zero in another. 

This comment leads to a local symmetry of the three- 
form field strength H, and therefore of the massive vec- 
tor model, with far-reaching consequences. The vector 
gauge parameter ^ has to transform homogeneously in 
the adjoint, i.e., like the difference of two connections. 
So let me choose an arbitrary SU(N) matrix valued field 
U{x) (not the gauge transformation of Eq. (^) and write 
(j) — — d[/C/^. Using this, I postulate the transformations 



C = C + a{A-4>), A'=A, 
B' = B + a{A~4>)A{A-4>), 



(11) 



with a an arbitrary constant. The B A F term changes 
by a total divergence, and the compensated field strength 
H is invariant, while i? — d^iC is not, i.e.. 



5 I TvB AF = a I dTv[]-AAAAA~^AF), 
5{B ^ dAC) ^ -aF , SH^O. 



fl2) 



Note that these are not a special case of the vector 
gauge transformations, even if it appears as if they 
were. Firstly, the local transformation (scalar) param- 
eters, present in (j), need not vanish at infinity. This is 
actually a red herring, since I can always choose U so 
that (f> vanishes at infinity. But the gauge field A need 
not vanish at infinity, so this is distinct from the usual 
vector gauge transformations. 

There is a more important difference. I could think of 
Eq. ( |ll[) as local transformations, since U is an arbitrary 
local SU(N) matrix. In general local transformations are 
generated by local constraints. The constraints of theo- 
ries with a dynamical two- form are known [ [L7[ , includ- 
ing those which generate vector gauge transformations, 
and it is immediately obvious that they do not generate 
Eq. (|ll|). Further, it does not seem possible to incorpo- 
rate these transformations into the BRST generator, un- 
like a transformation of the type SB — ~aF |15|,|5[. This 
last can be used for eliminating unwanted terms, and may 
be incorporated in the BRST construction by using a con- 
stant anticommuting ghost [[7| . A similar transformation 
for the Abelian two- form was investigated in [n8[ , but be- 
cause the field strength there included the Chern-Simons 
three-form as in string theory, the corresponding ghost 
was not a constant. These approaches will not work for 
the transformations of Eq. (|l^). These should properly 
be called semiglobal transformations — a combination of 
global and local transformations — which depend on a 
global parameter a and local parameters in U . The global 
aspect should be emphasized because these are connected 
to the identity transformation in the limit a — ^ but not 



in the limit f7 — > 1. It seems unlikely that standard 
methods of perturbative quantization of gauge theories 
will be able to protect symmetries like this. This is the 
third and final result of this Letter. 

Let me make a final observation about Eq. dO). To 
what extent docs the change in the action depend on the 
boundary values of the fields? Suppose I consider the 
system in a background where A goes to a pure gauge 
at infinity, and choose U such that (f) ^' A a.t infinity. 
Then the boundary values of all fields A, B, C, are unaf- 
fected by these transformations. Yet the local transfor- 
mation still modifies the action by a boundary integral. 
In other words, just as the local symmetries of the sys- 
tem is dependent on the boundary behavior of the fields, 
that behavior is affected by local transformations. 

The surfeit of actions and transformations mentioned 
in this Letter should not detract attention from its central 
result, which is that Eq. (Q) is a local, classical, SU(N) 
gauge symmetry of the four dimensional non-Abclian 
B A F theory. This symmetry exists only in four dimen- 
sions, there is no analog in lower or higher dimensions, or 
for Abelian theories. For quantum theories built around 
this term, it seems possible to include this symmetry in 
a perturbative analysis (see Eqs. (0) and (p^)). A sec- 
ondary result appears when an auxiliary connection is 
introduced, as is done in various models. The compen- 
sated field strength is invariant under a novel local clas- 
sical transformation, shown in Eq. (|f l[) , which cannot be 
implemented by any combination of constraints. It has 
been suggested [|l9|,0 that canonical methods of quanti- 
zation are inferior to functional methods for theories of 
the dynamical two-form, and may even be inapplicable. 
While it is not clear if functional methods of quantiza- 
tion will preserve these symmetries in some form, it seems 
very unlikely that canonical methods will be able to do so 
at all. I end this Letter with the suggestion that theories 
of the dynamical non- Abelian two-form provide a ready 
testing ground for different methods of field quantization 
in four dimensions, especially where boundary degrees of 
freedom and topological 'quantum numbers' are involved. 
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